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We study a quench protocol that conserves the entanglement spectrum of a bipartition of a
quantum system. As an example we consider the splitting of a critical Ising chain in two chains,
and compare it with the well known case of joining of two chains. We show that both the out
of equilibrium time evolution of global properties and the equilibrium regime after the quench
of local properties are different in the two scenarios. Since the two quenches only differ in the
presence/absence of the conservation of the entanglement spectrum, our results suggest that this
conservation plays a fundamental role in both the out-of-equilibrium dynamics and the subsequent
equilibration mechanism. We discuss the relevance of our results to the next generation of quantum
simulators.
I. INTRODUCTION
The dynamical evolution of an isolated quantum sys-
tem is governed by a unitary operator and is, conse-
quently, reversible. Therefore, one might think that
irreversibility and thermalization should only appear
through the system-environment interaction [1]. For a
small region inside a large isolated quantum system, a
legitimate environment is the system itself. In particu-
lar, it is important to understand, under which condi-
tions the large-time out of equilibrium evolution of an
isolated system will lead to a thermal state of the small
region. Although the decoherence time of most exper-
imental systems is too short for an effective study of
that regime, recent advances in cold atomic physics [2]
have allowed to experimentally address such situations
and have boosted renewed interest in the theoretical un-
derstanding of these phenomena [3–7]. The experiments
have been complemented with theoretical insights [8–11],
which have brought about interesting ramifications of the
problem, ranging from quantum information and entan-
glement to the issue of integrability in quantum systems.
In the context of the low energy physics of a many
body quantum systems, entanglement has emerged as a
privileged tool to characterize quantum phases. In 1D,
for example, the scaling of entanglement allows to dis-
tinguish between gapped systems and critical systems,
and the structure of the entanglement spectrum allows
to identify symmetry protected topological phases. Here
we try to analyze the effects of the conservation of the
entanglement in the out-of-equilibrium evolution after a
quantum quench.
Conserved quantities play a very special role in
Physics. In classical mechanics, they allow to define in-
tegrable systems as those systems that possess as many
conserved quantities as degrees of freedom. In quantum
mechanics, this concept is hard to generalize. The ex-
pectation value of any operator that commutes with the
system Hamiltonian is conserved. In particular, arbi-
trary powers of the Hamiltonian itself (that in general can
define independent operators) are conserved during the
out-of equilibrium dynamics. This means that a generic
quantum system possesses as many conserved quantities
as degrees of freedom, and we still miss a proper defini-
tion of integrable quantum systems.
Furthermore, when considering local equilibration, the
equilibration of a small region inside a large quantum
many body system, among all conserved quantities, only
few seem to be relevant. For example when a generic
quantum many body system locally relaxes, it does it
to a thermal state and thus the only relevant conserved
quantity is the expectation value of the energy. Indeed
the Gibbs ensemble (or thermal state) is formally ob-
tained by maximizing the entropy at fixed value of the
energy [12–14]. Exactly solvable systems, can still locally
equilibrate, but to more complex ensembles obtained by
maximizing the entropy subject to the constraints arising
from the conservation of all relevant quantities. It is still
unclear in general how to identify the relevant conserved
quantities, but in the cases where they are known, the
ensembles that describe the equilibrium of small regions
are called generalized Gibbs ensembles (GGE) [15, 16].
Is entanglement one of those relevant conserved quan-
tities? In order to understand this we address the non-
equilibrium dynamics arising after a quantum quench [9].
The system is originally in the ground state of a certain
Hamiltonian H0. One suddenly quenches the Hamilto-
nian from H0 to H and observes the subsequent out of
equilibrium dynamics. Depending on if H differs from
H0 locally (on few sites) or globally (on the whole sys-
tem) quenches are called global or local. In particular,
we characterize the quench obtained by splitting a crit-
ical spin chain into two equal halves. This amounts to
turning off at t = 0 the interaction between the two half
chains. This, together with the fact that the evolution
inside each of the two halves is unitary, implies that the
original entanglement between them is conserved during
the evolution. Thus, the initial correlations between the
two halves are expected to survive along the whole evo-
lution.
A similar phenomenon was observed already in the ex-
periments carried out by Gring and coworkers in Vienna
[5], where a quasi-1D Bose gas was split into two halves.
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2The two halves were subsequently allowed to evolve inde-
pendently. After a time shorter than the expected equili-
bration time, many of the observables had relaxed, a phe-
nomenon usually called prethermalization [17, 18]. After
the prethermalization, the evolution was much slower,
and compatible with the effects of the heating of the sys-
tem due to the residual small interactions with the en-
vironment. Nevertheless, the original almost stationary
interference pattern between the two halves persisted for
large times after the prethermalization time. In a truly
isolated system this would have been there forever as a
consequence of the initial entanglement between the two
halves. A truly isolated quantum system, indeed, con-
serves the initial entanglement between two systems that
are separated and stop interacting. While it is clear, that
by splitting the system one initially injects into the sys-
tem an amount of extra energy that is proportional to the
geometry of the splitting (extensive in the Vienna experi-
ment and intensive in the case we consider here) and thus
generate the subsequent out-of-equilibrium dynamics, it
is not clear what is the role of the conservation of the
entanglement in the subsequent equilibration process.
From a quantum information perspective, the key in-
sight is that not only the entanglement is conserved, but
also each of the individual eigenvalues of the reduced den-
sity matrix of any of the two separated regions is con-
served. All together they constitute the entanglement
spectrum (ES) [19]. How does this large amount of con-
straint affect the dynamics?
In order to address this point, we compare the non
equilibrium dynamics generated by two similar quenches.
We either split a critical spin chain into two halves (we
will refer to this situation as to the split quench), or we
join two critical chains in a larger one (and we will refer
to this scenario as to the join quench). Both scenar-
ios are local quenches. Initially, in the bulk, in mid-
dle of the two regions that are either split or joined,
any correlation function of local observables (once ap-
propriately rescaled) is the same in the two cases. Also
the post-quench Hamiltonian is the same in the bulk for
both quenches. We thus say that the two quenches are
in the bulk initially “locally” indistinguishable. They
are clearly distinguishable close to the boundaries of the
sub-systems. While the split quench conserves the initial
correlations between the two halves, the join quench does
not since the interaction between the two halves allows to
distribute correlations among them along the evolution.
The main result that we present here, is that the out-
of-equilibrium dynamics and the subsequent relaxation
of the bulk of the two systems are distinguishable, and,
thus, the presence/absence of conservation of the entan-
glement spectrum affects the out of equilibrium dynamics
of the system (for related ideas see also Ref. [20]).
This article is organized as follows. Section II in-
troduces some general concepts and notation regarding
quenches and thermalization. It also presents our quench
protocol and the concrete model we consider, the Ising
model in a transverse field (ITF). Section III A analyses
the entanglement structure of the initial state, and dis-
cusses its possible effects on the subsequent dynamics.
In the rest of section III we explore the time evolution
of different characteristic magnitudes: the entanglement
entropy of different types of blocks, correlation functions
—both within the same half and across the split—, and
local magnetization. The final section, IV is devoted to
summarizing the main conclusions and discussing further
work.
II. THE SPLITTING QUENCH
A. Quenched dynamics and thermalization
The state |φ0〉 is the ground state (GS) of a cer-
tain closed system described by the Hamiltonian H0. A
quench is performed by changing abruptly the Hamilto-
nian from H0 to H, in such a way that |φ0〉 ceases to
be an eigenstate, and thus undergoes non-trivial unitary
evolution
|φ(t)〉 = exp(−iHt) |φ0〉 . (1)
A is a (small) region of the system, containing r  N
spins, described by the reduced density matrix ρA(t) =
TrB |φ(t)〉 〈φ(t)|, where B is the complement of A. Un-
der certain conditions [21–23, 29], the limit ρ¯A ≡
limt→∞ ρA(t) exists, i.e., for large enough times, the re-
gion A equilibrates to a stationary state. Typically, a
certain amount of time-averaging is necessary in order to
remove small fluctuations.
If, at equilibrium, the state of A is well described
by a thermal state, it means that, for the equilibra-
tion process, the only relevant conserved quantity is
the energy E. The thermal state is indeed given by
ρ¯A ' TrB exp(−βH), where β is chosen such that
Tr(HρA)/Tr(ρA) = E. If the Hamiltonian is known to
commute with a larger set of relevant local observables,
{ 〈Hi〉 }Ki=1, the equilibrium state is a generalization of
the thermal state, ρ¯A ' TrB exp(−
∑K
i=1 βiH
i) and is
called a Generalized Gibbs ensemble [16, 24].
B. The quench protocol
Consider a spin-chain of length N , described by a lo-
cal homogeneous Hamiltonian with open boundary con-
ditions, H0, which can be formally decomposed into three
terms:
H0 = HL +HR +HLR. (2)
where HL and HR act, respectively, on the left and right
halves, and HLR represents the term connecting them.
3We prepare the system in its ground state, |Ω0〉, and
proceed to quench the Hamiltonian to
Ht → H = HL +HR, (3)
i.e., we remove the connecting term, HLR. The upper
panel of Fig. 1 illustrates the procedure.
JOIN
SPLIT
Figure 1. Upper panel: Splitting a spin chain. After the
ground state of a spin-chain of length N has been obtained,
the Hamiltonian is quenched by removing the term which con-
nects both halves, effectively splitting them. Lower panel:
Joining two spin chains. The situation is reversed, the
ground states of two separate chains are quenched by adding
the missing term in the Hamiltonian which connects them.
This provides a reference quench for comparison since the
two quenches are locally indistinguishable and only differ by
the presence/absence of the conservation of the entanglement
spectrum.
The state now evolves as
|φ(t)〉 = exp(−iHt) |Ω0〉 . (4)
The initial state |Ω0〉 has excess energy with respect to
the ground state of the new Hamiltonian H, |ΩL〉⊗|ΩR〉.
This excess energy can be interpreted as the presence at
t = 0 of a finite density of quasi-particles located at the
junction between L and R [27]. If H is a sum of local
terms, these quasi-particles will propagate with a finite
speed, giving rise to the characteristic light-cone effects
observed in local quenches [4]. Of course, if H contains
long-range interactions, this behavior can differ [28, 30].
The left half of the system L, at time t = 0, is described
by a mixed state, obtained by the following reduced den-
sity matrix
ρL(0) = TrR |ΩT 〉 〈ΩT | . (5)
that can be diagonalized as,
ρL(0) =
m∑
α=1
λα |χα〉 〈χα| (6)
where m is the Schmidt rank, and the orthonormal
{|χα〉} are called Schmidt vectors. The subsequent time
evolution of ρL(t) will be given by
ρL(t) = UL(t)ρL(0)U
†
L(t) (7)
where UL(t) = exp(−iHLt). An immediate consequence
is that the spectrum of ρL(t), the set of {λk}mk=1, is pre-
served by the evolution. The Schmidt vectors, nonethe-
less, evolve in a non-trivial way, describing a time depen-
dent set of orthogonal vectors. At any later time indeed,
ρL(t) =
m∑
α=1
λα |χα(t)〉 〈χα(t)| (8)
with the same set of {λk}mk=1 than the one in Eq. 7. It is
customary to describe ρL(0) in terms of a certain entan-
glement Hamiltonian HL, such that ρL(0) = exp(−HL)
[19], i.e., as if it were a thermal state at an effective tem-
perature β = 1. The entanglement spectrum (ES) is de-
fined to be the set of eigenvalues of HL, α = − log(λα).
Thus, as a consequence of the conservation of the eigen-
values of ρL, the ES between the left and right parts is
also conserved.
How does in general change the local equilibration af-
ter a quench when the ES is conserved? In order to ad-
dress this question we can study the equilibration of a
generic mixed state constructed from a set of orthogonal
vectors |φ〉α each appearing with probabilities λα. We
can perform the time evolution for each of the state in-
dividually (it is a linear map) and then reconstruct the
appropriate mixed state by summing the result with the
appropriate probabilities. In the simplest scenario we can
assume that each of the vectors |φ〉α fulfills the necessary
conditions for thermalization described in Ref. [22]. De-
pending on the initial energy of each them Eα, they will
locally thermalize to the corresponding temperatures βα
such that Tr(H exp(βαH))/Tr(exp(βαH)) = Eα. If the
βα obtained in this way are not sufficiently close, the fi-
nal state can not be described by a single temperature.
Similarly, if there are more preserved quantities, the fi-
nal state will not be uniquely determined by their initial
expectation values. The final state might, therefore, not
be described by a Gibbs (or generalized Gibbs) ensemble.
In other words, the system would not locally thermalize
in the usual sense but it would equilibrate to an exotic
ensemble.
Is this non-thermalization likely to occur for the ini-
tial mixed state obtained in the split quench? A generic
scaling argument suggests that such temperature mix-
ing is difficult to achieve. Ground states of gapped 1D
Hamiltonians fulfill the area law of entanglement [25, 26].
This implies that the number of Schmidt vectors satu-
rates with the system size in the thermodynamic limit.
The temperature mixing effect might be more relevant for
a critical initial state, for which the number of Schmidt
vectors scale as a power law of the system size [47]. Still
4different Schmidt vectors, typically only differ locally so
that their initial energies are very similar. We thus do
not expect to observe the temperature (or generalized
parameter) mixing in our setting. Still, in the results we
present, we will observe some remnants of the fact that
the ES is conserved.
In order to clarify the role of the ES-conservation, we
will compare the splitting quench with the joining quench
of the same spin-chain, as illustrated in the lower panel
of Fig. 1. In this last case, one first obtains the ground
state of Ht in Eq. (3) and then quenches the Hamiltonian
by adding the connecting term HLR, i.e.: applying H0.
This effectively joins the two independent chains. This
case has been addressed both at criticality and away from
it using several techniques, which range from conformal
field theories (CFT) to free fermions [31–33].
Since both quenches are locally described by the same
Hamiltonian, and the correlation functions of any local
operator, in the bulk of the initial states, are indistin-
guishable, we might expect that the difference between
the corresponding out-of-equilibrium evolutions should
be negligible far away from the division between L and
R. We will show that this is not the case, and the
two quenches produce substantially different states, both
globally and —more interestingly— also locally.
C. The critical Ising chain
As a prototypical example, let us consider the Ising
model in transverse field (ITF), a simple integrable one-
dimensional spin-chain,
H0 = −
N∑
i=1
[
σxi σ
x
i+1 + Γσ
z
i
]
. (9)
where i ranges over the N sites of a 1D lattice and σx and
σz stand for the Pauli matrices. The model presents two
phases: a X-polarized phase for Γ < 1 and a Z-polarized
phase for Γ > 1. They are separated by a second-order
phase transition at Γc = 1, where we will perform all
our calculations. The ITF can be rewritten as a free-
fermion model via a Jordan-Wigner and a Bogoliubov
transformation [34]
H0 =
∑
k
k
(
η†kηk −
1
2
)
(10)
with η†k and ηk following the usual anticommutation re-
lations. The model is, therefore, integrable, and all its
conserved quantitites can be expressed as a function of
the mode occupations nk [24]:
nk = 〈ΩT | η†kηk |ΩT 〉 . (11)
The low-energy physics of the ITF model close to the
phase transition and its out-of-equilibrium dynamics can
also be described using CFT [31, 32, 35].
In this work we have studied the two quenches via both
free-fermion techniques [36] and the time evolving block
decimation (TEBD) method, based on matrix product
states (MPS) [37, 38]. MPS techniques have the advan-
tage that they can be extended to both interacting mod-
els and non-integrable models.
III. NUMERICAL RESULTS
We first analyse the relation between the Schmidt vec-
tors of the initial state and the eigenvectors of the post
quench Hamiltonian H. This gives us the opportunity
to understand better the possible connections between
the conservation of the entanglement spectrum and the
long-time equilibrium regime. As we have discussed, the
distribution of the expectation value of the energy and
all relevant conserved quantities taken on the set of the
Schmidt vectors are the ultimate quantities that deter-
mine if the system equilibrates to a well defined GGE
ensemble or not.
We then will proceed to a more traditional characteri-
zation of the states resulting from the split quench focus-
ing on two types of properties, global and local. Among
the global properties, we will consider the entanglement
entropy of different types of blocks and large-distance
correlation functions. The local properties are character-
ized by studying the expectation values of local opera-
tors.
The entanglement entropy of a block A, with reduced
density matrix ρA, is defined as
SA = −trρA log ρA. (12)
We consider both the case in which A is completely con-
tained in one of the two blocks (say L) and when it is
shared in between L and R, see Fig. 6.
With respect to correlation functions, we will evaluate
the two-point correlation function of the order parameter,
defined as
C(r1, r2, t) = 〈ϕ(t)|σx(r1)σx(r2)|ϕ(t)〉 (13)
− 〈ϕ(t)|σx(r1)|ϕ(t)〉〈ϕ(t)|σx(r2)|ϕ(t)〉.
In particular, we will consider distances |r1 − r2| scaling
with the size of the system, |r2 − r1| ∝ N , in order to
study the thermodynamic limit. Since both the splitting
and the joining quenches break the translation invariance
explicitly, we will consider separately the cases in which
both r1 and r2 are on the same side with respect to the
splitting point, or when they lie in different sides.
All those properties will be studied as a function of
time. We will also focus on the equilibrium regime which
emerges after the transient out-of-equilibrium dynamics.
5Although global properties, as discussed in the introduc-
tion, do not equilibrate, in a local quench we can still
observe equilibration of an extensive region A that nev-
ertheless should be separated from the boundaries. In-
deed, in our simulations, we always observe three dif-
ferent regimes: (i) the static, (ii) the out-of-equilibrium
regime and (iii) the equilibration regime, see Fig. 2. This
fact is well understood by the approximate picture of the
radiation of quasi-particles introduced by Cardy and Cal-
abrese [27]. Indeed, through a local quench, one typically
populates all single quasi-particle momentum states with
equal probability, which then propagate outwards with
finite speed v.
Since our model is described at low energy by a CFT,
all pseudo-particles propagate with the same speed at
first order in 1/N . In this paper we will not address
the corrections to this picture, that i.e. for long times,
are responsible for the spread of the pesudo-particles and
thus spoil the periodicity of the dynamics.
The out-of-equilibrium evolution of a region A which
lies at a distance d from the interface between L and
R will start after a time t1 ≈ d/v. For earlier times, a
static regime is observed. Eventually, at a time t2 > t1
the slowest particles leave the region and the equilibra-
tion regime begins. Due to the finite size of the chains,
if we wait for a large enough time tN  t2, the quasi-
particles will bounce back at the boundary and return to
the region A, thus making the system depart from equili-
bration. Thus, we will search for the equilibration regime
in the time window t2  t  tN , which depends on the
distance from A to the boundaries and the velocities of
the different types of quasi-particles. For times t  tN
the behavior of the system is plagued with finite-size ef-
fects, which we want to avoid since we are interested in
the thermodynamic limit. This implies that we can con-
sider at most times of the order of tN .
When addressing local properties, the static regime is
followed by a very fast relaxation which leads to the equi-
libration regime. This can be readily explained assuming
that times t1 and t2 coincide.
A. Schmidt vectors of the initial state
We want to understand the relation between each of
the Schmidt vectors and the expectation value of the ob-
servables that are conserved during the time evolution.
We start with the energy. We arrange the eigenvalues
of the reduced density matrix ρL(0), {λα}, in decreasing
order. In this way we can define an effective energy gap
as
∆EL = 〈χ2|HL |χ2〉 − 〈χ1|HL |χ1〉 (14)
We find numerically that ∆EL decays as a power of the
logarithm of the system size, as shown in Fig. 3. The
appearance of a logarithmic scaling could be related with
the results of [40–43], that establish a mapping between
EQUILIBRIUM
OUT OF EQUILIBRIUM
STATIC
Figure 2. Relevant time scales: During the out-of-equilibrium
evolution which follows the split quench, the region A is char-
acterized by three different regimes as a consequence of the
finite speed at which the quasi-particles created at the junc-
tion between L and R radiate. A static regime, lasting up to
time t1, in which the behavior is almost unchanged. This time
t1 is indeed the time necessary for the fastest quasi-particle to
reach the region. After t1, A experiences an out-of-equilibrium
regime up to a certain t2, the time needed by the slowest
quasi-particles to travel through A and abandon it. From t2
up to tN , we observe the equilibration of the region. At tN ,
the fastest quasi-particles bounce back from the boundaries
so that finite size effects start to play a dominant role.
the reduced density matrix of the ITF and the transfer
matrix of the corresponding classical model on a cylinder
whose radius grows logarithmically with the size of the
block.
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Figure 3. Energy gap ∆EL between the first two Schmidt
vectors of the left half of a critical Ising chain as a function
of the chain length. The data suggest that the gap closes as
a power of the logarithm of the system size.
The mode occupations 11 for the first three Schmidt
vectors are presented in the main panel of Fig. 4. They
resemble Fermi-Dirac distribution functions at low tem-
perature, and it is possible to identify a certain Fermi
level that discriminates between almost fully and almost
6empty modes. Nonetheless, the occupations near the
Fermi level differ considerably among different Schmidt
vectors, as shown in the left inset of Fig. 4. Those differ-
ences decrease slowly as a power law of the system size
(see Fig. 4, right inset).
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Figure 4. Main panel: occupation numbers of the modes of
Hamiltonian HL for the first three Schmidt vectors, for chains
with N = 100 spins. Left inset: the differences in occupation
are more pronounced around the Fermi energy. Right inset:
Those differences scale as a power of the system size.
The Ising model can be mapped to free fermions and
thus all conserved charges are functionally dependent on
the mode occupations. Since for each Schmidt vector
the mode occupations are different this suggests that this
type of quench could provide an example of equilibration
to a strongly correlated state that differs both from the
Gibbs and the Generalized Gibbs Ensembles (GGE), as
opposed to what is expected for standard quenches.
A more careful quantitative analysis, however, shows
that this is not the case. Indeed, the fluctuations of the
energy in the initial state are not large enough to produce
significant effects on the equilibration state. As shown in
Fig. 5, those fluctuations are independent of the system
size, so that in the thermodynamic limit they vanish as
1/N (inset).
This is not surprising since, in a local quench, the ini-
tial state of the system does not possess enough energy
to equilibrate to a thermal (or generalized thermal) state
characterized by an extensive scaling of the entanglement
entropy of a region. Indeed, in the initial state of a lo-
cal quench, the excess energy density with respect to the
ground state scales with 1/N , and thus it is not surpris-
ing that also its fluctuations scale as 1/N . This implies
that the equilibrium state of a local quench is very close
to a zero temperature state where, for critical systems,
the entanglement entropy of a region only grows loga-
rithmically with its size [44–48]. Still, as we will see
in the following, the conservation of the entanglement
spectrum has non-trivial consequences both on local and
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Figure 5. Main panel: Energy fluctuations as a function of
the system size. We see that local fluctuations (inset) decay
to zero as 1/N , as expected in the case of a local quench.
global properties of the system.
B. Entanglement entropy
The time evolution of the entanglement entropy has
been computed analytically in a few selected settings [27,
31, 32, 35, 49], and numerically in many others, local or
global quenches, impurities or disorder [33, 50–55].
In this section we analyze the time evolution of the en-
tanglement entropy of a block A of size r < N , as defined
in Eq. 12, for two different geometrical configurations
(see Fig. 6), A may have (i) a single active boundary or
(ii) two of them. In this second case, the two boundaries
may lay on different parts (ii.a) or on the same part (ii.b)
of the splitting point.
i)
ii.a)
ii.b)
Figure 6. The geometrical configuration of block A within
the full chain, (i) A has only one active boundary; (ii.a) A
has two active boundaries, one in L and the other in R; (ii.b)
the two active boundaries are both inside L.
Fig. 7 is devoted to the analysis of entanglement in
configuration (i). Let A be formed by the leftmost r
sites of a chain with N = 160 spins, split into two halves.
7The upper panel of Fig. 7 shows the entanglement en-
tropy S(r, t) as a function of both the size of the block
(X-axis, marked r), and time in units of 1/J (Y -axis,
marked t (1/J)). Notice that, since the entanglement
Hamiltonian of the left part, HL, is a constant of mo-
tion, S(N/2, t) is preserved during time evolution. At
t = 0, Sr presents the characteristic shape of a critical
system: S(r, 0) = c6 log
(
L
pi sin
(
pil
L
))
[44–48]. But for fur-
ther times, a light-cone develops at the LR interface, and
the entanglement entropy only changes when the fastest
quasi-particles generated at the quench cross the active
boundary of A as a specific case of the cartoon sketched
qualitatively in Fig. 2.
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Figure 7. Upper panel: Time evolution of the entanglement
entropy S(r, t) for a chain of N = 160 after the splitting.
Lower panel: Time evolution of S(r) for three different values
of r. When r = N/2, entropy remains constant. In the other
two cases, entropy starts to grow only after the fastest quasi-
particles enter (if r < N/2) or leave (if r > N/2) the block.
The lower panel of Fig. 7 shows the time evolution
of S for blocks of type (i) and different sizes. S(N/2, t)
is constant; S(N/4, t), has a single active boundary that
lies at the left of the splitting point, and thus it presents
a stationary behavior for short times followed by a fast
increase when the quasi-particles reach N/4; we also an-
alyze S(2N/3, t), whose active boundary lies to the right
of the split point. In this case quasi-particles are radi-
ated from within the region and only contribute to an
increasing entropy when they leave the region.
From the space-time diagram of the upper panel of
Fig. 7 we can extract two projections. A time-like pro-
jection S˜T (t) is obtained by finding, for each time t, the
maximal entropy among all block-sizes, and a space-like
projection S˜S(r) defined by finding, for each block-size,
the maximal entropy achieved along the evolution. After
a joining quench, the time-like projection S˜T only grows
logarithmically with time [32, 50]
S˜T (t) =
c
3
log2
∣∣∣∣Npi
(
sin
pivt
N
)∣∣∣∣+ cst
where c = 12 is the central charge of the critical Ising
chain and v is the quasi-particle velocity. The space-like
projection, S˜S(r) is described by the same equation, just
replacing t with r. On the other hand, after a splitting
quench, S˜T (t) behaves as
S˜T (t) =
c
3
log2
∣∣∣∣∣Npi
(
sin
pivt
N
)1/2∣∣∣∣∣+ cst, (15)
where the main difference with the result for the joining
quench is the presence of the square root (see upper panel
of Fig. 8). The space-time projection S˜S(r) presents a
cusp at r = N/2 which is absent in the joining case. Still,
for small r, the two cases are difficult to distinguish (see
lower panel of Fig. 8). The detailed analysis is presented
in Appendix A.
The block in configurations (ii) in Fig. 6 have two
active boundaries. As discussed previously, we distin-
guish between blocks (ii.a) which overlap with both parts,
which we will place centered on the LR interface, and
(ii.b), those which lie totally within one part. In Fig. 9
we consider two blocks of size r = 8, one of them cen-
tered on the LR interface (ii.a) and the other at a dis-
tance l = 10 from it. Notice that the time evolution of
the entropy of two blocks presents the three aforemen-
tioned stages: static, out-of-equilibrium and equilibrium.
In both cases, at large times the entropy converges to a
finite value Seq.
In the joining quench the relaxation towards Seq is gov-
erned by [33]
S(r0, t) = Seq +
α log(t) + β
t
, (16)
where the parameters α and β depen on the distance l
between the block and the site of the quench.
The insets of Fig. 9 unveil a leading behavior of the
same type as Eq. 16 with superimposed oscillations and
faster time scales.
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Figure 8. Upper panel: Time-like projection of the entropy,
S˜T (t), after a splitting quench. The inset shows that the
growth is compatible with a logarithmic growth with a pre-
factor close to c
3
, as in the join quench, but with an extra
square root inside the logarithm (see Eq. 15). Lower panel:
Space-like projection, S˜S(r). For block sizes very different
from N/2, it behaves as in the join quench, displaying a log-
arithmic growth with a pre-factor close to c
3
.
The entanglement spectrum of a block in configura-
tion (i) of Fig. 6 presents only the first two out of the
three time regimes, static and out-of-equilibrium. This
is a consequence of the fact that the block extends up to
the extreme of L and the quasi-particles never have space
to escape. The Schmidt coefficients of the reduced den-
sity matrix of a block increase abruptly when the quasi-
particles reach the block, and slower further increase af-
terwards. During this last regime, the Schmidt coeffi-
cients λrα decay as a power of α (see lower panel of Fig.
10), pointing to the possibility of approximating the state
by keeping only a small number of them, χ. The error of
this approximation, which is the usual systematic error
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Figure 9. Upper panel: Time evolution of the entanglement
entropy for a block with r0 = 8 sites centered on the LR
interface in a spin-chain of N = 160 sites. Notice the sudden
jump to a maximum value and the slower relaxation towards
Seq. Lower panel: Same evolution, but for a block with r0 = 8
sites, located at a distance l = 10 from the interface. In
both cases the insets show that the relaxation behavior is
compatible with the one of Eq. 16, as in the case of the
joining quench, but with faster timescales and super imposed
oscillations.
of MPS-based techniques, is given by
 = 1−
χ∑
α=1
(λrα)
2. (17)
The lower panel of Fig. 10 shows also the Schmidt num-
ber χas a function of time required to achieve two possible
desired tolerances . Notice that the value of χ increases
only moderately during the whole time interval, justify-
ing our choice to use the TEBD algorithm [56].
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Figure 10. Upper panel: Time evolution after a split quench
of the entanglement spectrum for a block of type (i) with
size N/4 in a chain of length N = 140. Notice that only
two time regimes are present: static and out-of equilibrium.
Lower panel: After the fast increase (t = 40), the entangle-
ment spectrum decays polynomially, showing that the state
is neatly approximable with a few Schmidt vectors, χ. Small
values of the representation error are obtained with χ ≈ 20,
as shown in the inset.
C. Correlation functions
Let us turn to the time evolution of the two-point cor-
relation functions of the order parameter after splitting
the chain, defined in Eq. 13, and compare them with the
joining case, which has been studied in detail by several
authors [31, 57]. As with the entanglement entropy, we
will study them in two geometric configurations, shown
in Fig. 11, when both sites r1 and r2 are in different
halves of the chain (top panel) and when they lie in the
same half (bottom).
In the static regime, since the system is critical, for
|r2− r1| ∝ N , C(r1, r2, t) ∝ N−2x with x = 1/8 (see Fig.
14, both panels, for short times).
Let d1 and d2 be the distances from both points
Figure 11. The two-point correlation function of the order
parameter, defined in Eq. 13, is studied in two different con-
figurations, when the two sites are on different halves (top)
and when they lie on the same half (bottom) of the split chain.
to the LR interface, dmin = min(d1, d2) and dmax =
max(d1, d2). The out-of-equilibrium regime is defined by
the condition dmin < vt < dmax, i.e.: the time lapse in
which the quasi-particles have already reached the closest
point and have not yet left the region between the two
points. In the time-regime where dmin < vt dmax, the
CFT predicts that after a joining quench the correlation
function will behave as C ∝ d−2x−1/2max [31], independently
on whether the points are in the same or different halves.
This prediction has been confirmed numerically [57]. Fig.
12 shows the results in our case. After the split quench,
when the points are in the same half, we also observe
C ∝ d−αmax, but with α ≈ 1/2 (α = 0.46(5)). Generalizing
the CFT prediction, we may write this as C ∝ d−2x−1/4max .
In the case of points in different halves, we do not ob-
serve any power law decay in the correlation function, as
shown in the lower panel of Fig. 12.
We study next a kind of light-cone regime by fixing the
ratios (t) = dminvt < 1 and R(t) =
dmax
vt > 1. In the join-
ing quench, the correlation in this regime is described by
C ∝ t−3x as t→∞ [57]. Our results for the split quench
are shown in Fig. 13. We can observe also a power law
decay of correlations as in the joining case but when both
points are located in the same half of the chain the expo-
nent we extract is 0.46(1) that apparently is not compat-
ible with the joining case. Interestingly, when they lay
in different halves, we still observe a polynomial decay of
the correlations with t, but with the exponent close 3/4,
0.72(1), that doubles the one observed in the joining case.
Finally, we reach the equilibrium regime. If both points
lie on the same half, correlations decay as a power law
of the system size, as in the joining quench as shown in
the inset of the upper panel of Fig. 14. This means
that the system is still critical, with the same critical
exponent x = 1/8, and has thermalized to a temperature
which is very close to zero. If the points are on different
halves we still observe power-law behavior but this time
we observe anti-correlations that decay with the same
critical exponent x = 1/8, as shown the inset in the lower
panel of Fig. 14.
D. Local properties
As we have seen, the evolution of global quantities af-
ter the split quench is very different from the one after
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Figure 12. Correlations in the out-of-equilibrium regime.
Both panels show the correlations in the time window dmin <
vt dmax, as a function of dmax. The upper panel considers
the case in which both points lie in the same half, showing
a power-law decay with dmax. The lower panel considers the
case in which the two points lie in different halves, showing
no power-law behavior. In both cases, we have considered
dmin = 1, 16 < dmax < N/2 and t = 3 (1/J).
a join quench. This is not very surprising, since both
quenches are globally very different. Still, we can at-
tempt a local characterization of the equilibrium regime.
Since the quenching Hamiltonian are locally identical,
and the initial states provide the same correlations func-
tions in the bulk, one might expect similar behaviors in
both quenches.
The top panel of Fig. 15 shows that, as expected, af-
ter splitting or joining, local observables display all three
stages, the static, the out-of-equilibrium and the equi-
librium stages. The static value of the magnetization
depends on the system size as
〈σz〉0 = σ∞ + cz
N
, (18)
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Figure 13. Correlations in the light-cone regime. We measure
the correlations between two points in the regime described
in the text as light-cone, with dmin
vt
= 1/2, dmax
vt
= 2 and
vt < N/2. Upper panel: if both points are in the same half,
correlations decay with time as t−3x with x = 0.46(1). Lower
panel: if both points are in different halves, correlations decay
with the same law, but x = 0.72(1), close to 3/4.
where both σ∞ and cz are known analytically [58]. Let
us consider the two cases of a N = 200 spin-chain split
into two halves and two N = 100 chains joined in a sin-
gle chain. In both cases the static values differ because
of the different initial system sizes, with the split value
displaying larger magnetization than the join. As ex-
pected, both values cross during the out-of-equilibrium
phase, and the split equilibrium magnetization is lower
than the join equilibrium magnetization. The equilib-
rium magnetization for the split chain converges to the
static value of the two chains that have been joined, while
the opposite does not happen, the equilibrium value for
the joint chain is not the same as the static value of larger
chain before the split. This is a finite-size effect. In the
thermodynamic limit, the magnetization is the same be-
fore and after the quench in both cases. Still, for finite
chains, we can distinguish both quench protocols, since
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Figure 14. Time-evolution of the correlation functions. In
the upper panel we consider the case when both points
are in the same half of the chain. Concretely, we plot
C(N/4, N/4 +N/10, t) for different chain lengths N . In both
the static and equilibrium regime we observe a polynomial
decay of the correlation as a function of the system size N .
The critical exponent x governing the decay has been mon-
itored as a function of time during the equilibrium regime,
showing oscillatory convergence to the static value 1/8 (see
inset). The lower panel shows the time evolution of the corre-
lator when both points lie in different halves, symmetrically
placed with respect to the LR interface. Concretely, we plot
C(N/2−N/10, N/2 +N/10, t). Interestingly, the equilibrium
regime leads to anti-correlation between the two half-chains,
whose critical exponent x again converges through some os-
cillations to 1/8 (inset).
the magnetization approaches the thermodynamic limit
from opposite directions.
Indeed, as shown in the bottom panel of Fig. 15, the
fit to Eq. 18 of the finite-size data shows that c˜splitz < 0
and c˜joinz > 0, implying that even at a local level the
two quench protocols are well distinguishable. The same
study is performed for the energy density in Fig. 16,
where again we see that the quenches are completely dis-
tinguishable at a local level.
0 5 10 15 20 25 30
−0.645
−0.64
−0.635
−0.63
−0.625
−0.62
σ
z
(r
1
)
t(1/J)
 
 
Split
Join
2 4 6 8 10
x 10−3
−0.65
−0.645
−0.64
−0.635
1/N
σ
z
(r
1
)
5 10
x 10−3
−0.6365
−0.636
−0.6355
 
 
SPLIT
JOIN
Figure 15. Top: Time-evolution of the expected magnetiza-
tion at a site r = N/2 − N/10, both after a split quench of
an initial chain with N = 200, and after a join quench of two
initial chains with size 100. During the out-of-equilibrium
regime, the join and the split values interchange and finally
relax to different equilibrium values. Bottom: Scaling anal-
ysis shows that in both cases the equilibrium value is well
described by Eq. 18, but the thermodynamic limit is ap-
proached from different directions, c˜splitz < 0, while c˜
join
z > 0,
implying that even at a local level the two quench protocols
are well distinguishable.
Finally we can also characterize intermediate quenches,
considering a parameter t˜ that modifies the strength of
the bond connecting L and R, as t˜ ·HLR(see Eq. (2)) so
that the quench is obtained by varying the initial value
of t˜. In this way we can either weaken the Hamiltonian
bond between L and R by passing from the initial value
of t˜ = 1 to a quench value of 0 < t˜ < 1 so to partially split
the chain. Alternatively we can quench from the initial
t˜ = 0 to again any value 0 < t˜ < 1 so to partially join
L and R by switching on a weaker bond between them
(weaker than the other present in the chain). The nu-
merical results for such intermediate quenches are shown
in Fig. 17 where we appreciate that by looking at the
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Figure 16. Top: Time-evolution of the expected energy at link
r1 = N/2−N/10, both after a split quench of an initial chain
with N = 200, and after a join quench of two initial chains
with size 100. They relax to different equilibrium values.
Bottom: The scaling analysis shows that in both cases the
equilibrium value is the same but the thermodynamic limit is
approached from different directions, implying that even at a
local level the two quench protocols are well distinguishable.
sign of the finite size corrections we can distinguish if the
chain is being split (even partially) or joined. This last
situation is similar to the study of the effects of impurities
in critical systems [54].
IV. CONCLUSIONS AND OUTLOOK
In this work we have discussed the time evolution of
a critical spin-chain which is quenched by effectively dis-
connecting its two halves. Due to the entanglement in the
initial state each of the two halves is originally in a mixed
state. The bipartite entanglement between the halves is
conserved during the evolution and so is the entangle-
ment spectrum of the bipartition. We address the role of
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Figure 17. Intermediate quenches. The scaling of local ob-
servable with respect to the system size are presented in the
equilibrium regime after either weakening the Hamiltonian
between L and R so to provide a partial split of the two
originally joined chains (upper panel) and after introducing a
weak bond between L and R so to partially join the originally
separated chains (lower panel). The slope of the finite size
effects is in one to one correspondence with the strength of
the Hamiltonian bond joining L and R giving the possibility
to local discern all the above scenarios. We have considered
r1 = N/2−N/10.
the conservation of the ES by comparing this quench with
the one where two independent spin chains are joined to-
gether. Both the initial state and the quenching Hamil-
tonian are locally indistinguishable in the bulk of the
system away from the partition in two halves. The join-
ing quench however, due to the interaction between the
two halves, does not conserve the entanglement spectrum
of the bipartition. We show that the equilibrium states
emerging after the two quenches differ both globally and
locally.
This suggests that the conservation of the entangle-
ment spectrum has important consequences on both the
out-of-equilibrium evolution of many-body systems and
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their equilibration regime.
As opposed to other scenarios discussed in the litera-
ture, the conservation of the ES is not related to integra-
bility of the dynamics, but rather to the specific quench
protocol and the basic nature of entanglement.
The splitting of a spin chain in two halves is a local
quench and as such does not inject enough energy in the
system to observe thermalization at any non-zero tem-
perature. In other terms, it can not give rise to an equi-
librium state with finite entropy density.
We plan to generalize this analysis to global quenches
that inject enough energy in the initial state for effec-
tive thermalization to take place an thus address which
are the effects of the conservation of the entanglement
spectrum also in those scenarios.
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Appendix A: Profile of the entanglement entropy
We guess from our numerical data the following func-
tional form for the projection of the entanglement en-
tropy S(r, t) over space or time discussed in Sect. IIIB:
S˜X(x) =
c
αx
log2
∣∣∣∣Npi
(
sin
2pix
Tx
)νx ∣∣∣∣+ cst. (A1)
In this way by either chosing x = r or x = t we recover
both space and time sections of the entanglement entropy
that are presented in Fig. 8. In each case Tx has to be
chosen accordingly to the definition discussed in the next
paragraph.
x = r → S˜X(x) = S˜S(r)
x = t→ S˜X(x) = S˜T (t) (A2)
• Calculation of the parameter αx. We first
determine the value of αx in both cases. αx is
extracted through a finite size scaling analysis. By
fxing the ratio tN , we study how Eq. (A1) depends
on N since S˜X(x) =
c
αx
log2N + cst. Specifically
the calculation has been done using chains with
N = 100, 120, 140, 160, 200, 240.
For the case of S˜T (t) we have considered ratios
t
N
=
1
2
·
(
2
10
,
3
10
,
5
10
,
6
10
)
, (A3)
while for S˜S(r) we have considered sites r  N/2
and ratios
t
N
=
(
2
10
,
3
10
,
4
10
,
6
10
,
7
10
)
. (A4)
Averaging on the values of α extracted from the
various ratios we obtain
S˜T (t)→ αT = 2.919 (41)
S˜S(r)→ αS = 2.947 (13) (A5)
that are both compatible with α = 3. In order
to cross-check our strategy we have repeated the
same procedure for the join quench. In this case
we obtain
S˜T (t)→ αjoin = 3.012 (59)
S˜S(r)→ αjoin = 3.042 (10) (A6)
that is in agreement with the available theoretical
prediction αjoin = 3 [32, 49, 50].
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• Calculation of the parameter νx.
At fixed N , S˜X(x) depends linearly on
y = log2
∣∣∣(sin 2pixTx )∣∣∣. We can thus extract
the value of νx throug a linear fit of S˜X as
a function of y at fixed N . We have per-
formed such analysis for several chains of length
N = 100, 120, 140, 160, 200, 240 obtaining several
estimates of νx.
In particular for S˜T (t), Tx = N , and for each N we
have considered the set of times
t =
(
N
8
,
N
8
+ 1, ...,
N
2
− N
8
)
. (A7)
For S˜S(r), Tx = 2N and we have considered r 
N/2:
r =
(
2N
10
,
2N
10
+ 1, ...,
N
4
)
(A8)
Averaging on the values of ν obtained for each N
we get
S˜T (t)→ νT = 0.500 (14) (A9)
S˜S(r)→ νS = 1.004 (5) (A10)
While the first result is un-expected, the second
is compatible with what expected in a join quench.
By repeating the analysis for the join quench where
we expect νjoin = 1 [32, 49, 50] we indeed find
S˜T (t)→ νjoin = 0.975 (34)
S˜S(r)→ νjoin = 1.070 (10) (A11)
as expected.
